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...
The Yamabe equation and the bubble family on the round sphere

Classic Yamabe problem

On a closed (M™,g), n > 3, set § = u*/("~? g and seek u > 0 with R; constant.

2 4n—-1
Lgu = Rzu=s, Lg:—LJAgﬁRg
Li(p) =u" = Lg(uyp) (conformal covariance)

Round sphere and its conformal orbit

Normalize the round metric by Ry, = 4n(n — 1). For every conformal automorphism & of S™,
P ggn = ui/("_Q)gsn is again round; this already gives a noncompact family of Yamabe solutions. In stereographic
coordinates, the same family is

AU NU U _r = A>0 R™
— = — n—2 x) =
TL(’H ) ’ /\’5(‘1’) A2 + ‘CU — £|2 ) >0, f € .
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The Yamabe problem is variational

_ f]\,[(a”‘vu@ + Rqu) dvg

Qg(u)

(INI Juf2* dvg) o

2n

2% = ——
n—2

Sphere threshold

If the infimum is achieved, its Euler—Lagrange equation
is the Yamabe equation. The only obstruction is
concentration:

one bubble ~» energy Y(S™).

Y (M, [g]) < Y(S™) = no concentration =
minimizer =—> Yamabe metric.
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, Y(M,[g]) = ;r;fo Qg(u)

_4(n—1)
T on-2

n

How strict inequality is proved

@ Yamabe (1960): variational formulation.

@ Trudinger (1968): corrected the limiting
argument in a restricted regime.

@ Aubin (1976): local bubble test functions
detect nonzero Weyl curvature.

@ Schoen (1984): Green function expansion plus
positive mass handles the remaining cases.
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Compactness breaks precisely after dimension 24

Compactness Noncompactness

@ Question. Are normalized positive solutions @ Round sphere. Conformal symmetry already
uniformly bounded? produces a noncompact family.

@ Compactness. Uniform L°°-bounds give @ Brendle (2008). Fixed non-round metrics with
precompactness in 0%, blow-up for n > 52.

@ Progress. Schoen (1989); Druet (2004); Marques @ Brendle—Marques (2009). Counterexamples for
(2005); Li~Zhang (2004-2005). 25 < n < 51.

@ Sharp range. Khuri-Marques—Schoen (2009): @ Hence noncompact examples exist in every
3 < n < 24, away from the round-sphere dimension n > 25.

conformal class.

__2_ n A
l|luj]| oo — 00, pi = uj(xy)” -2, 1i® g (expxj (,ujy)) — Ui 0(y).
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Brendle's perturbation of sphere metric U4/ ("~2){z?

Fixed background metric: small perturbations of Euclidean metric

One smooth metric is fixed by summing local Weyl perturbations whose centers converge to one point.

oo

a=c" ha@ = Y a@

N=Ng
"
N —1 2d 2 2
n0 @) = n(oxtle = uw 1) i AR T (Al < v P) Hinle = un) Hone) = Y Wipkazp2a-
p,g=1
—1 —N/2 —N -2
ynN =N "e1, An =272 uny =217, pN = (2N) 7.

Perturbation of AT bubble as conformal factor

To find vi/é"*mg with constant scalar curvature where vy ¢ = Uy ¢ + ¢a¢, the solution of

n+2
Lgv=n(n—2)vn—2.
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Brendle's ansatz on R" and S™

One bubble over a fixed locally perturbed metric
single bubble

v

0 1 L
N+1 N

hy 41 perturbation hy perturbation
1 single bubble
h
m(p) =0, W(xN):Nela TN — D, g=e’, h= g hn.
N>1
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Finite-dimensional reduction: the PDE becomes n + 1 equations

Bubble kernel and orthogonality

With &4 (v) = Lgv —n(n — 2)1)%, set Zo = O\Ux¢ and Z; = Og,Ux ¢.

vae = Une + Pae, éx,e Lspan{Zo, Z1,...,Zn}.

Projected equation Kernel obstruction

€ (Une + dre) =0 =
=" oxe = 60, ©). E(Une +dr¢) = ZC;’(&E)Z%
j=0

Variational identity and reduced model

(M€ =0(0<j<n) <= VaugnFs(\§=0
FgN &) =CH+enF(\E) +olen), F has a strict local minimum.
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The o;-Yamabe equation

Conformal Schouten tensor

—2w

1 R
Ay = Ricy — g ) § =
g n—Q(l% 2n—1)? 9= 9

1
A =Ag+ ng + dw @ dw — §|ng\2g.

Constant o -curvature equation
(MG 14g)) =C, MG 'Ag) €T ={AER™: 01 >0, 04 >0}
= o (Mo [Ag + Viw + dw ® dw — §|Vguw|’g|)) = Cem k.
For k = 1, this is the Yamabe equation

Ry
2(n—1)’
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.
Why k = 2 is the first nonlinear Yamabe problem

Nonlinear ellipticity is part of the equation

o2(B) = -(T1(B), B), Ti(B) =01(B)I - B

1
2
ellipticity <= T1(B)>0 <= X(B)el].

For k = 2, the equation is still variational, LCF & non-LCF

52(9)=/ oa(g™ Ag) dVy, n#4
M

6&2lg) =0 <= a2(g7 1 Ag) = constant.

Main difficulty in blow-up constructions

control 77 >0 + solve the equation + stay inside 1"3'.
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Existence theory for o;-Yamabe

The equation

()\(g’1 Ag, )) = constant,

LCF theory

Guan-Wang (2003)
Conformal flow and existence in the locally conformally

flat setting.

A. Li=Y.Y. Li (2003, 2005)

Liouville theorems, Harnack inequalities, local estimates,

and LCF existence.
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—2w

Juw = € 9,

)‘(gvj;lAgw) € F?

Non-LCF / high-dimensional theory

Chang—Gursky—Yang (2002)
Dimension four o2-geometry; admissibility and total

o9o-curvature.

Sheng—Trudinger-Wang (2007); e—Wan% 2006)
a

Existence results for higher-order curvature Yamabe
equations beyond the LCF case.
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Compactness theory for o;-Yamabe

Compactness means uniform control of conformal factors

oE
g; = u;”_ g,
supu; < C =
M

LCF compactness

A. Li=Y.Y. Li (2003, 2005

Harnack and compactness theory in the LCF case, with
the round sphere as the conformal-orbit exception.

k=2<n/2 (n>5):

Ok (gj_lAgj ) = constant,
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gy 'Ag)) €T

{u;} precompact modulo conformal symmetries.

High-k£ compactness

Gursky—Viaclovsky (2007); Trudinger—Wang (2005,
2009

For n)/2 < k < n, sharp Harnack inequalities and
compactness of normalized admissible conformal metrics.

Li-Nguyen (2014)
Fully nonlinear compactness under Ricci lower bounds;
covers the borderline k = n/2 range.

the non-LCF compactness picture is much less rigid.
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...
Our theorem: antipodal noncompactness for oo

Theorem (Deng—Lu-Wei, arXiv : 2607.11067)

Let n > 27. There exist a smooth antipodally symmetric, non-locally conformally flat metric go on S™ and

positive functions vy € C*°(S™) such that g, = v?\,/("_4)go are admissible constant-o2 metrics.

Constant o2-curvature and blow-up

02(9 Aguy) = (Z) #(gon Aguy) €T3,

uny o J =, J(z) = —x, SUpUN — 0O, Blow(vy) = {p+,p-}.
Sn
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.
Our ansatz pairs two antipodal bubbles through a Schwarzschild bridge

One antipodally symmetric solution on S™; no topology change

Aubin-Talenti bubble Schwarzschild region Stereographic coordinates

w(py) =0
w(p-) = o0

Aubin-Talenti bubble

+ smooth matching
>

two Aubin—Talenti cores at TN

Schwarzschild bridge, ayodJ=ayn, J(z)=-—z.
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Why Brendle's one-bubble ansatz can lose ellipticity for oo

_ I (n—2)/2
Newton tensor for Bubble Uy o(z) = (/\QHQ) ,
71 (BU o) = An-Vap, a2
1 .0 2 ’ 2 (A2 422’
Far from the core » > A\
L 9B 2 -4
= — ), —_— ~ .
9B = 73 A 2
Add effects of background metric
( _2(n—1)gp < 1p2 2, -1 —2,) <
T B[UAN,O;h]) =22 B By, |Bal S ID?h]+ DR + rg DAl + Rl £ o
s
N
Ellipticity requires a relative estimate:
|Eh,|<<qTB~/\?\,r;]4z27N~>O as N — oo,

N

which is impossible!
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The o9-Schwarzschild mode: an exact o9 = 0 model

Conformal Schwarzschild factor

—4 .
a= "4 ; sk(r):(2x)“'(1+r‘2“), gsa = 83/ (s,
Radial variables )
r— e . .
px(r) = mﬁa gs(r) = ps(1 - px), ps = —2aqx, f:=rorf.

Direct computation of the Schouten endomorphism
1 as
By i= g5 \Age \ = 2 (*(” —2)er e + 2(1 —er® e7'))~

n—2 2
Ar(Bs) = 7%, Ar(Bs) = % with multiplicity 7 — 1.

The mode has zero o2-curvature

n—1)(n—2 2 q2
02(Bs) = (n — 1)ARAT + %A% = —2(n — 1)(n—2)% +2(n — 1)(77.—2)% =0.

Positive Newton tensor, note gx. doesn’t contain bad )\ term

2(n —1)gs (n —2)gs
T1(Bg) = o1(Bg)! — By,  7r(T1) = > o oTmr(T) = > > 0.
T kA
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...
Sharp h-estimates keep the Newton tensor positive

Bubble core ellipticity: compare with the bubble margin

2
4B 4B AN
T1(Bp) =2(n - 1)—1, = = 5
r2 r2 O‘f\r + r2)2
_ _ B
&2 = D?h| + v DRI+ 772 nl 4+ IDRI? <an =2, N = o(1),
™
i, + 10—j r? B rf
since [D?hyy| < Cjun(en +7) 7 (0<5<2), —¢&, <Cey.
. P . . 9B
Schwarzschild neck ellipticity: compare with the neck margin
» 7i as = px(1 — px) T(B)>cq—21
>} T+ r—2a’ = Px Px), 1(Bx) 2 2 b
- - as "
£y i= 1Dkl + DR+ 2|h| + DR <y 2,y < 0(8.(No) +epf ) = o(1),
-
2
since E 721D hpomm N| < 84 (No)r22 72,
j=0
_ _ q q
Tnla] 2 Tola] = Cny 1 2e51>0,  g=gporgs.
-
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Transition: reduce the bridge to one scalar ODE

Work after Kelvin inversion: Schwarzschild — bubble

plu] = —

2 n—4
JO0srlogu,  a=p(l-p), V=ru —  r=Rle sI<L ENED S
—

Endpoint slopes are both of size §,

Sye—20°

_ _ s _—2as 2 _
pu(s) = T4 o,e 200 Sxe + OL(85), pp(s) =

5ye?®

2s 2
Thaen ¢ TOLl:

The exact radial residual has a useful normalization

1 .
(Uz(g;lAgu>71(’;)) . gu=urig.
A

542 1 P16/ (n—1)
)y yiiten Ly y0
Vig? 4 \2 q?

Ng(u) =u

s Ny =N,

gE "

p=30\F 4+ 0.(63), q=08F+0.(53), V"N =1663¢" (14 0L(5))).

" Ny (u) F’ n et*
T = A= (G 2e - 2o ) +0n6n).

Bin Deng - Wuhan University o2-YAMABE NONCOMPACTNESS Fudan University - 2026.08.24 - 17/23



.
Transition: [, removes the leading residual

Choose I so that the leading residual is zero

F n et 2y7 2 4s
— +2a = — — = (F7) + 4aF° = ne™”.
F 2 F2
1/2 -
F(s) = (75*“"‘ + e“‘) L B, ~ e (s 0), F, o~ e (s3> 0).

Cut off only near the endpoints; tune ~ for first-order matching

—2as

F,(U.)) = Xs,L€ +XB.L€28+UJLF';«(S)'

L

2alL

ar(y) = —e?*t — ae?* + 2a FO(s)ds, ap(y) =0, |y —1] < Ce "

—L
Add only a tiny exact correction, then integrate the slope

PaL = X2,LPs + XB,LPB + wrLOxFy, + rka(, [kal + [A0xra| < CLSS.
TA(R;rf) = SA(R:efL)exp 72(1/ paL(r)dr |, Ty = KTy.
L
N1 (T .
Ty =Uso (s~ L), Tr=5x(s~L), % ‘ < Ce™F 4 Opéy = o(1).
q
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.
Finite-dimensional reduction I: solve only the transverse equation

Approximate family and residual

p=(\,¢&) € (0,00) x R", ¥, = bubble cores 4 Schwarzschild neck + T,

n—4
~ = _aw
R, := Ny(vp), Vpow 1= Upe”, a=—",

Nyg(Wpw) = Ry + Lpw + Qp(w).

The only directions not solved by the inverse

Zo = NoxDy,  Z;=8,0, (1<j<n), V,~L,7,

Lpw + Ry + Qp(w) = E caVa, Ly(w) =0 (0<b<n).

a=0

The PDE is solved in all infinite-dimensional directions; the vector ¢ = (co, . .., ¢p) is the remaining finite-dimensional error.
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...
Finite-dimensional reduction Il: projected inverse and fixed point

For the talk, keep only the schematic norms
X ~ 0%, Y ~C%, lwlix ~ llwllcze, 1Flly ~ I Fllcx-

Uniform projected inverse

Lyw =F + E ca¥a, £y (w) =0,
a=0

lwlx + lel < ClIF|ly-
Nonlinear equation

1Qp(w1) = Qp(w2)lly < Cllwillx + lwzllx)llwi — wallx,

w=-G, (R + Q). IRl = 0o(1) = [l llx = o(1).
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.
Finite-dimensional reduction Ill: the obstructions are gradients

Projected solution for every parameter

n

vp = T,e"r, Ny(vp) = E ca(P)¥aps

a=0

In(p) = E5(vy), p=(N,€) € (0,00) xR".

Variationality turns finite-dimensional error into an energy gradient

n

By, I (p) =4 / Ny (vp)v, ' Op,vp dog = 4 E ca(P)MS,(P),

a=0

M¥ (p) = 2al, 11 + o(1).
Conclusion of the Lyapunov-Schmidt reduction

VIND.) =0= co(ps) = =ca(ps) =0 = Ny(vp.) =0, g, €T;.
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.
The reduced energy: one explicit finite-dimensional model

After solving the transverse equation, only parameters remain

IN(E, ) = & (ﬂz\",g,A + ¢N.§.)\)v [éneallcze = o(1),
sy = p3e0 = 2T gy = 26,(8™) + 25y F (€ N) + oo (sn),

Ver v =0 = VeuF(E,XN) =o0(1).
The limit model is controlled by three explicit polynomials

F(0,VE) = IWIPPs(t), DI F(0,VE) = |[W[*Q () + Ry ()W,

target at (¢', \') = (0,1) :
Pi(1) =0, P;i(1) <0, P/(1) >0,

1
Qp(1) > 0, Q/(1)+ZR/(1) > 0.
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...
A quartic certificate produces the critical point for n > 27

Tune one coefficient to solve the scale equation

fu(s) = a — 5960s + 1181s> — 735 4 s*,

-, A,a? 4+ Bh,a + C, —B, — A,
P (1) = ——————————, ag(n) = ———,
° 65536(n — 3)(n — 2)2 2A,
A, <o,
A, >0,

ag(n) >0 (n > 27).

Then every required sign becomes an explicit positivity check

n = z 4+ 27 : all remaining numerators have positive coefficients in z,

P, (1)=0, P;(1)<0, P/(1)>0,
1
Qy, (1) >0, Q,”<1)+ZR,H<1) >0,

(0, 1) is a strict nondegenerate minimum of 7 =—> V ¢y = 0.
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